
DESIGN OF ELECTRICAL MODELS 

HYPERBOLIC HEAT EQUATION 

F O R  S O L V I N G  T H E  

M. P .  K u z ' m i n  UDC681.332/333 

The hyperbolic equation of heat conduction is solved on electrical models with lumped- 
parameter  elements. Fundamental relations a re  established for the design of such models 
and the design procedure is described. 

In the case of transient thermal processes  occurring at high rates ,  the heat transmission is described 
more  accurately by the hyperbolic than by the parabolic heat equation. The reason is that heat t ravels  not 
infinitely fast, ra ther  at some very  high but finite velocity. Taking into account a finite velocity of heat 
propagation leads to the hyperbolic heat equation and it  is absolutely necessary in an analysis of transient 
processes  occurring at a high rate  [1]. 

A solution of the nonlinear hyperbolic equation of heat transmission presents certain difficulties not 
easily overcome, especially in the case of complex and variable constraints.  The use of electrical  models 
with lumped-parameter  elements may be helpful for the solution of this hyperbolic heat equation. 

Most at tractive a re  electr ical  models designed with resis tances,  capacitances, and inductances, 
since they simulate the process  continuously in time and, therefore,  a re  high-speed devices [2]. 

We wilt consider the asymmetr ic  heating (cooling) of an anisotropic solid which interacts with the 
ambient medium under boundary conditions of the third kind. The transient heat transmission can be de-  
scribed mathematically as follows: 

where 

OT O~T 
c7 ~ + ~w~ 0~ ~' div (~l grad T), 

T = T N, (1) 

o--/- + ( T .  - 7)  = o, 

i : X, y ,  Z; n = F, B, C, BT, PT, ZT.  

Following the theory of generalized variables,  we transform the variables here (for the given process):  

T=T10; x = x l X ;  y = g l Y ;  z = z iZ;  w=wlt; 

where T1, x 1, Yl, zi, 1"1, cl, YI, Alx, Aiy, Aiz are  respectively the reference values of the temperature,  
the space coordLnates, time, the specific heat, the density, and the thermal conductivities along the co- 
ordinate axes,  while 0, X, Y, Z, t, C, F ,  Ax, Ay, Az are  the relative temperature,  coordinates, time, speci- 
fic heat, density, and thermal conduetivities along the coordinate axes. 
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Fig. I. Diagram of cell in 
electric space model. 
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Fig. 2. Schematic diagram of an electrical 
model. 

As a result ,  we obtain a mathematical model of the thermal process* 

0~0 ) 0 [A 00~ 0 A O0 
CF( 0-~-+ AI-~-] =A, ~-~[ =-~-]  + As-~- (u-~-~-) + A,-~-tA~ ~-Z0 ) , 

0 = As, 

00 k Am ( % _ 0 ) = 0 ,  
OI A~ 

where m = 6, 7, 8, 9, 10, 11, and I = X, Y, Z. 

Here coefficients A 1 -Al: t play the role of generalized parameters  and they are  defined as follows: 

z, ' c'7' ~ ; As ; A4 = ~ " 

(2) 

A s _  T N .  A n =  ar xl; AT--  ~ x,; A s --  ~ 

A9 = azT h; Axo - c~PT A,~ = U ~lz -- ~ Yt; Yx. 
i9 

For an isotropic medium and constant thermophysical properties (linear formulation of the problem), 
the mathematical model of the thermal process  is 

00 + A, 0~o ' 0~0 A" 0~0 + A~ 020 
Ot or-- ~ = As ~ + 3 ~ OZ ' 

0 ~ As, 

oo + A~, (% --  o) = o, 
OI 

(4) 

where 

A~= Z-L" A~= a% . 
' v--V,' 

A'4 a% . A'6= % ~ T-x ; - - ,  --~-- X1; 

A9= %T h; A~o= aPT All ; ~  ~, Yl; = 

A 8 ----- (zc 
- 7  zz; 

aZT Yv 

(5) 

* By a mathematical model is meant a complete mathematical description of the process  (including also 
the uniqueness conditions) in generalized variables.  
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The electr ical  t rans ient  process  in a three-dimensional  electr ical  model made up to res is tances  r ,  
capacitances Ce, and inductances loe (Fig. 1) connected in ser ies  along the coordinate axes is mathe-  
mat ical ly  descr ibed by the following sys tem of equations* 

e k - o ~  e re &2 e .  ~ g r a d u  , 
u = uN, (6) 

O__u_u q 
0& + ~ ( "  - ") = 0. 

Following the theory of generalized variables and the analogy with the thermal  process ,  through l inear  
t ransformat ions  we replace the process  variables  in sys tem (6) by their  generalized values.  

As a resul t ,  we have a mathematical  model of the electr ical  process  

Ce( OU~ + B1 Loe OW ) . . . .  B _ ~ 0  ( 1 OU ) ~ y e  ( t OU ) 0 ( 1 OU 1, 
Re at2e ~ OX e ~ aX 8 §  R. aYe - } - B , - -  az e R~ az 8 

U = B~( (7) 

OU - -  -t- BmR~ (g~ --  U) = O, 
Ol e 

where Ie = Xe, Ye, Ze.  

The generalized paramete rs  B 1 -]311 of the electr ical  process  a re  defined as follows: 

B1 Ice1 . Be_ ~ie . 
rm~Qe ' qxQeV~e ' 

Ba = X l e  . B 4  = % e  ; 
rr c y2 , rl~cl~z~ e 

fflB 18 

Bs= u~N-N ; B6= rxx x " (8) 
Ul Rr lea 

B7 = qx_ xm; Bs qz 
R~ = R---c-- zle; 

rlz Bg= RB~--ZIe; Blo-- fly gle; Bll--  fly gle. 
RpT RZT 

The reference  value r le  can be determined from the relat ion 

~ -{- - -  + . (9) 
Ge 3 fly 

For  an electr ical  model with constant  pa ramete r s  (resis tances,  capacitances,  inductances), the mathemat i -  
cal model of the electr ical  process  is 

CeR / ~ OU Loe 02U ), , 02U O~U 02U 
--~-e q-B; R Ot~e = B 2 - ~ e  q- Ba-~e -+- B; -~e ' 

U = Bs, (10) 

a---U--U -~- B'mR, (U, - -  U) = O, 
ale 

where 

B I =  /,oe~; B~= "cm2 ; 
r~Tle r~Cie~ m 

B ; - -  Tm �9 B ; =  Tie " 
r,ci.ey ~ ' Qcmz?m ' 

B'6= el " q 

�9 Additional resistances Rn are hooked on at the model boundaries. 
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B~ q rl  Zle; B9 = z,e; 
C ~BT 

B~o " - - ~ g , e '  B I ,=  ~Z--:--~Yle. (11) 

Since the mathemat ical  models  of the t rans ient  thermal  p roces s  (Eqs. (25, (455 and of the t rans ien t  
e lec t r i ca l  p roces s  (Eqs. (7), (10)) both have the same s t ruc tu re ,  hence it is feasible to s imulate  on the 
basis of d i rec t  analogy. 

Mathematical  s imulat ion r equ i r e s  also a sufficient degree  of congruence between the mathemat ical  
model  of the original  and of the model .  Inasmuch as the s t ruc tu res  of both mathematical  models  a r e  the 
same,  it is n e c e s s a r y  for  s imulat ion that the general ized p a r a m e t e r s  be respec t ive ly  identical,  i .e . ,  

A 1=B1; A S=B2; A S=BS; . . . ;  A n=Bl l .  (125 

Equali t ies (12) a r e  essent ia l  for designing e lec t r ica l  models on the basis  of d i r ec t  analogy, because  
they establ ish the quantitative re la t ions  between the e lec t r ica l  and the thermal  p roces s  p a r a m e t e r s .  

Inser t ing re la t ions  (3), (5) and (8), (11) into equalit ies (12), we obtain the fundamental equations for 
the design of e lec t r ica l  models .  In the nonlinear problem for  the case  of an anisotropic  medium these 
equations become:  

~6~ . R~= = �9 R ~ =  ~NzrNz ; k~6~ ~Nz r Nz 

kc62z ~,NyrNy Rv ~NxrNx ~,NyrNy ,. 
rpz-=~, 2 ; RpT--  .; -- ; RZT= ~ ,  (13) 

Nzk~nz a'pTlzt . ark~x L. a'zikzv 

RNx = ZNxrNx " Al_evr. 
aRkz------ ~ ' l~ k~ " 

A change to l imiting values yields scale  fac tors  for  the t empera tu re  (kT), the coordinates  (kl), t ime 
(kT), the thermal  conductivity (kz), and the capaci tance (kc): 

kr = Tm.___s ; kt ~ = ~ . .  kl u -  6g . ku 6~ 
H m a  x 12 x ny n z 

kxx = ~Nx rNx; k~.y = ~NyrNy; kzz = ~NzrNz; ke = 

k,~ ~ TT 

T e 

CN YN 
c e 

(14) 

F rom the sys tem of design equations one can obtain c r i t e r i a l  numbers  for the heat  t r ansmiss ion  
a s y m m e t r y  [3] along the coordinate axes :  

~ R.~ (15) %, :R~ ap t  RZZ .  % = -_ 
~ x  ~--- = .  - -  ; O 'y  - -  - -  , 

a~ R1, aZT RpT a~T Re 

In the design of e lec t r ica l  models  all  thermal  and s t ruc tura l  p a r a m e t e r s  of the solid body must  be 
a l ready  known. Only the p a r a m e t e r s  of the e lec t r ica l  model a r e  still  to be de termined.  The ten equa-  
tions (13)for  the design of e lec t r ica l  models  contain 15 unknowns:rNx, rNy, rNz,Ce, nx, ny, nz, R F, R B, 
RC, RBT, R pT ,  R Z T , / o e ,  kT �9 In o rde r  to determine them, one must  fix five p a r a m e t e r s .  One must  also bea r  
in mind then that the scale  fac tors  for  the t empera tu re ,  the coordinates ,  the conductivity, and the capacity 
a r e  defined by re la t ions  (14). If nx, ny, n z, Ce, and k T a r e  given, for  example,  then f i r s t  the r e s i s t ances  
of the model e lements  rNx, rNy, rNz are  found from re la t ions  (13) followed by the boundary-value r e s i s -  
tances R r ,  RB, R C, RBT, RpT,  RZT,  and inductance loe .  A model was const ructed with the p a r a m e t e r s  
thus found. In Fig. 1 is shown one cell  of a three-dimensional  e lec t r ica l  model.  The c i rcu i t  of the e l ec -  
t r ica l  model is shown in Fig. 2. On the same diagram is also shown the e lec t r ica l  c i rcui t  of the boundary-  

value r e s i s t ances .  

If the mate r ia l  is i sotropic  and its thermophysical  p roper t i e s  can be assumed constant  and equal to 
the i r  mean  values over  the operat ing t empera tu re  range,  then the sys tem of design equations becomes 

6~ . Xrn~ . r =  6~ ; RB~ ~rn~ . 

a,k,n  ' & - -  ' = 
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~,rrl x . ~rrlg . 

iarcek---- ~ , R p T =  apT6  v ' 

(16) 
R~ = ~'rnx " Ioe--  r'Cr 

aB5 ~ ' k ,  

Equations (16) contain 13 unknown p a r a m e t e r s  o f  the e lec t r i ca l  model :  r ,  ce,  n x, ny, nz, R F ,  RB, R C , 
RBT,  R p T ,  RZT,  l e e ,  kT. In o r d e r  to de t e rmine  them,  one m u s t  fix th ree  quanti t ies.  One mus t  a l so  bea r  
in mind that  the fixed quanti t ies  should s imul taneous ly  include th ree  which a r e  r igidly coupled by one o f  the 
equations in s y s t e m  (16). The app rop r i a t e  design va r i an t  is se lec ted  on the bas i s  of i ts  a s s e m b l y  f e a s i -  
bi l i ty.  

The  s y s t e m  of Eqs .  (13) or  (16) is used for  designing models  as  well  as  for  calcula t ing the s t e a d y -  
s ta te  p a r a m e t e r s  dur ing s ~ u l a t i o n .  Opera t ing  exper ience  with e lec t r i ca l  mode ls  made  up of r e s i s t a n c e s ,  
capac i t ances ,  and i l~uc tances  has  shown that they can be success fu l ly  used for  the solution of p rac t i ca l  
heat  engineer ing  p r o b l e m s .  
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N O T A T I O N  

is the t e m p e r a t u r e ;  
is the specif ic  heat ;  
is the densi ty;  
is the t he rm a l  conductivity;  
is the t h e r m a l  diffusivi ty;  
is the heat  t r a n s f e r  coefficient;  
a r e  the space  coordinates  in the med ium;  
a r e  the coeff ic ients  playing the ro le  of genera l ized  p a r a m e t e r s ;  
is the t ime ;  
is the re laxa t ion  t ime;  
is the r e l a t ive  t e m p e r a t u r e ;  
a r e  the re la t ive  coord ina tes ;  
m the r e l a t ive  t ime;  
is the r e l a t ive  heat  capaci ty ;  
m the re la t ive  densi ty;  
is the r e l a t ive  t he rma l  conductivity;  
is the cell  capaci tance  of the e lec t r i ca l  model ;  
m the cell  r e s i s t a n c e  of the e lec t r i ca l  model ;  
is the boundary r e s i s t a n c e  of the e lec t r i ca l  model ;  
is the inductance of the e lec t r i ca l  model ;  
IS the r e l a t ive  vol tage;  
a r e  the re la t ive  coordinates  of the e lec t r ica l  model ;  
is the re la t ive  cell  inductance of the e lec t r ica l  model ;  
is the r e l a t i ve  cell  r e s i s t a n c e  of the e lec t r i ca l  model ;  
a r e  the r e ! a t i v e c e l l  r e s i s t a n c e s  along the coordinate  axes ;  
is the re la t ive  cel l  capaci tance  of the e lec t r i ca l  model ;  
is the t e m p e r a t u r e  scale ;  
is the t ime  scale;  
is the coordinate  sca le ;  
is the sca le  of t he rma l  conductivity;  
is the sca le  of speci f ic  heat ;  
is the number  of cel ls  in the e lec t r i ca l  model ;  
is the l i nea r  d imension  of the solid body; 
m the c r i t e r i o n  of hea t  t r a n s f e r  a s y m m e t r y .  

S u b s c r i p t s  

N 
i 
n 

e 

1 

denotes the in i t i a l - s ta te  p a r a m e t e r  value; 
denotes the coordinates  (x, y, z); 
denotes the media  in te rac t ing  with the solid body; 
denotes the e l ec t r i ca l  p roce s s  or  the p a r a m e t e r s  of the e l e c t r i c a l  model;  
denotes the r e fe rence  value.  
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